DECAY ESTIMATES FOR ONE-DIMENSIONAL WAVE EQUATIONS WITH 

INVERSE POWER POTENTIALS 
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Abstract. We study the one-dimensional wave equation with an inverse power potential that 
equals const. x~ m for large \x\ where m is any positive integer greater than or equal to 3. We 
show that the solution decays pointwise like t~ m for large t, which is consistent with existing 
mathematical and physical literature under slightly different assumptions (see e.g. [T], [3], [B]). 

Our results can be generalized to potentials consisting of a finite sum of inverse powers, the 
largest of which being const. x~ a where a > 2 is a real number, as well as potentials of the form 
CN 1 const.x- 771 + 0(x~ m ~ s i) with <5i > 3. 
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1. Introduction 



There is an extensive literature - both mathematical and physical- on the study of decay for wave 
equations and Schrodinger equations with a potential (see e.g. [5] for a survey). In the physical 
community the corresponding problem goes by the name of tails, and physicists predicted the 
decay of solutions to wave equations on the line with potentials decaying like \x\~ a as \x\ — > oo 
based on nonrigorous and numerical methods, see for example [IJ[2]- 

Mathematically, a recent study by R. Donninger and W. Schlag ([4]) showed that for potentials 
decaying like \x\~ a where 2 < a ^ 4 with no bound state or zero energy resonance, the solution 



< 

■ ip to the one-dimensional wave equation 

(1) ^— + V(x)if>(x,t)=0 

is bounded by t~ a for large t. 

The purpose of this paper is to give sharp estimates for the decay of if) where V(x) = const.x 
for large |ac| (the constants are allowed to be different for positive and negative x) where to 6 N 
and to 3. The result is consistent with [4] and confirms the predictions by physicists. 

OO 
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qq ■ We analyze the wave equation |TJ under the assumptions: 

1 Assumption 1. (i) The potential V is such that the one-dimensional Schorddinger operator 

A := + V(x) has no bound states and no zero energy resonances, 

(ii) V is to + 2 times differentiable. 

(hi) As x — ¥ ±oo we have V(x) = const. ±x~ m where m € N and m ^ 3. 
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2. Setting and main results 



chb(x, 0) 

With i/Jo(x) = ip(x,0), and ipi{x) = — the solution to (p} (cf. [4J can be written as 



wren woyx) = -ip(x,u), anu 'tpiyx) = — 



yj(t) = caa(tVX)ifo + &m(t _ 4) ^, 1 

VA 



Our main results are 

Theorem 1. Under Assumption^ we have 

V A 

cos{tVA)^ = foix)^)-" 1 - 1 + (t)-" l - 1 i? (a;,i) 

where 

IKa:)- 2 ^^)]!^ < ]|<x>Vj(ar)l|i, 3 =0,1 

ii( S )- m - 3 i?o(x,oiu < \\(xr+*M*)\\i + iK*r + VoO»oiii 

Here (x) := (1 + ir 2 ) 1 / 2 , the infinity norm for Ro t i(x,t) is in both x andt, and lim 4 _i. 00 Rq^{x, t) = 
0. Moreover, fj(x) is nonzero for generic initial data (cf. Remark\Bj). 
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In Section [BJ we discuss generalizations where V is a sum of inverse powers, and an extension 
of results of the type in [BJ. The special case to — 2 will also be briefly discussed in Note [1] below. 

The basic strategy we use is to take the Laplace transform in t of ([I) and study the solutions of 
the transformed equation. Laplace transformability is shown in Proposition [14] in the Appendix; 
its existence does not require Assumption Q] (i); the result of Theorem Q] is however contingent on 
it. 

By taking the i-Laplace transform of ((TJ) we obtain the ODE 

(2) #'(x, s) = (V(x) + e 2 ) $(x, e) + ^i(z) + e^ (x) 

where 

/-OO 

ip(x,e) = / e~ et ip(x,t)dt 



The analysis relies on properties of Jost functions (for x > this is defined by the behavior 
solving the homogeneous equation 

(3) y"(x) = (V{x)+e 2 )y{x) 

Note 1. For V(x) = a/x m and m — 1,2 the equation can be solved in terms of special functions. 

For V(x) — a fx 2 , the solution that decays like e~ £X as x — > oo is given in terms of the modified 
Bessel function K as 

y + = \j2sx/ / nK a {ex); a = + 1/4 
For small e and fixed x, y + has the form 

(4) C 1 {x)e 1+a A 1 {e) + C 2 {x)e 1 - a A 2 {e) 
withAi 7 A2 analytic. 

For m 3, the Jost functions have asymptotic expansions in integer powers of e and e lne. By 
symmetry it is sufficient to study the case x > 0. We thus analyze the Jost function given, for 
e > 0, by 

(5) y(x)~e- s *(l + s(x;e)) 

where s(x;e) is an o(l) power series in 1/x, as x — > oo. The function s satisfies 

(6) a" - 2es' - V(x)s = V(x) 

It is easy to see that an o(l) solution of ([BJ exists and is unique. 

3. Properties of s(x;e) 
We first assume V is m + 2 times differentiable and 



V(x) 



x ^ x + > 1 
X ^ X- < —1 



By rescaling x and s one can make = ±1. 

To analyze the behavior of s(x; e) for small s and x ^ x+, it is convenient to study its inverse 
Laplace transform, this time in x, to regularize the behavior at turning points. Inverse Laplace 
transformability does not need to be proved at this stage, since at the end we show that the 
Laplace transform of the solution to the dual equation solves (J6j) . We let s =: H (q) / [q(q + 2e)} be 
the formal inverse Laplace transform of s (x i— > q with Hex > x+), and obtain 



(7) H(q) = 1 —-:q m - i + V 

v ; v ; (to - 1)! q{q + 2e) 

where VF(q) = J Q 9 F(u)du. With the change of variable q = er, H(q) = F(t), we obtain 

(8) nT) = v_lf±^ +£m -z vm ^F(T) 



(to-1)! t(t + 2) 

We show that F(r) has an asymptotic expansion in powers of e, r _1 and r 2_ " l lnr for small e 
and large r. 
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Lemma 1. (i) The junction s has a Laplace transform in q, and F is analytic for Rer > —2 and 

entire in e and has the convergent expansion 

(9) F(r) = s^F^r) + £ e^F^r) 

where j m = (m — 2)(j — m + 1) + m — 1, F m -i(r) — vit" 1 ^ 1 / (m — 1)!, while for j ^ m we have 

j-m+l 

(10) F j (r)=T j ™ J2 r-^ m - 2 \\n{T)) n W n {r- 1 ); W n (z) analytic for \z\ < - 
Furthermore, Fj is analytic in Hi := {z G C : argz 6 (— 7r/4, 57r/4), z ^ 0} wit/i 

(11) 1^,1 < — ^~~~rrrzmz for r e Hx 

(Om-m + l)!)"-' 

(mJ in /act we on/?/ need to fceep i/ie first few terms of (fTO)) and estimate the remainder. For 
\t\ > 3 we write 

(12) ^■(r)=F 7 [0l (r)+r^- m G J (r); 

,m-l 2 2-fc 

^ n=0 fc=l n=0 



We have a" k — if j < m + k — 1 or I > m, and the following estimates hold: for some c\ > 
(independent of all indices above) 

(13) |a^,| < ^ — , sup |(| lnr| + l)" 3 G,(r)| ^ ^ — 

' ((jm-2m + 2)!)^' J/' JWI " ((j m -2m + l)!)^ 

Proof. We analyze the case i>i = 1; if v\ = —1, the arguments are very similar. We look for 
solutions to ([8]) which are 0(e m ^ 1 T m ~ 1 ) for small r. Consider the space B of functions of the 
form /(t) = T m ^ 1 G(r) where G is analytic for, say, |r| < t for arbitrarily large r > with the 
norm ||/|| = sup| T | <T0 |G(r)|. We see that this is a Banach space, and eq. (JE|) is contractive in B. 
The solution of ([5]) is unique, and it is analytic for small r. As a differential equation (jSJ) reads 

(14) F^ = —, 

1 ' t(t + 2) 

The argument above, or Frobenius theory, shows that ([14")) also has a unique solution which is of 
the form ijn \ 1 y E m ~ 1 T m ~ 1 (l + o(l)) for small r. The solution is obviously analytic for Rer > —2, 
since the only singularities of equation (|8|) are r = and r = — 2, and it is entire in s for Re r > — 2, 
since the equation depends analytically in e. 

By standard ODE asymptotic results [7] we see that any solution of (fT4")) is uniformly bounded 
in C by 



(15) C(e)\r\^e- 



for some C(e) > 0. This ensures the necessary (sub)exponential bounds for taking the Laplace 
transform in e. 

We now look for solutions of (IT41 in the form 

p m-l T m-l 



and we show that the expansion (|16p is convergent. 
The functions satisfy the recurrence 

(17) F j+1 = V m -fi— j>m- 1; F m ^(r) = r™" 1 /^ - 1)1 

t(t + 2) 



4 



O. COSTIN, M. HUANG 



For now, we take r in Hi. It can be checked by induction that Fj are analytic in Hi and at zero, 
and since \r jm \ < |t*» -1 (t + 2)| in Hi and 

1 1 nr=oU i -i+*oH((i+i) m -m+i)!j " 

(jTTJ) follows by induction. The last inequality above comes from the fact that 

/m-1 \'"- 2 /m-3 \ m 

(18) II Ufn - 1 + k)\ >(j m - i) m (™- 2 ) ^ JJ (j m - m + 2 + k)\ 



. fe=0 / \fc=0 



It follows that the series (fTBj) converges uniformly on any compact set in Hi. Moreover, we see 
that the function series 



q rn-l 



(19) H(q) = «_ + ^^(s/e) 

also converges uniformly in q on any compact set in H. Existence of the Laplace transform of 



follows from the bound (Tl"5t for F 



H(q) 
q(q+2e) 

We write © as 

(20) r(r + 2)F£? = ^, j > m - 2; F m _ 2 - 

Note that F m _i is explicit (see (fT7|l). Let Lg = r(r + 2)g( m )(r). Eq. O implies 

(21) iJ-^Fj =0; j to 
Note 2. TTie indicial polynomial of (|21[) at infinity is 

j—(m—l) m —l 

(22) [] JJ(A-n'-n), j> m 

n=0 n'=0 

ruit/i t/ie convention that a product is one if the index set is empty, and (|22|) implies (| 10[) . Pg. 
(1221) follows from 



(23) ir A = r A -" i+2 [A(A - 1) • • • (A - m + 1) + 0(t -1 )] 

(ii) The existence of an asymptotic expansion of the form (fT2"|) follows from ([TO"]) . It remains to 
estimate the coefficients and the remainder (which we do recursively), for which we can assume 
j m ^ 2m — 2 since for j m < 2m — 2 the result follows directly from (fTU|) . 

We have 

(m 
n(n - l)---(n - m + 1) + ^P( ln i)~ 

where P; are polynomials of degree at most m—l in n and m in /. Substituting ([9]) in (|20[) using 
the notation in (fT2j) and taking = ((j m — 2m + 2)!) _:s;r: 2^4^' z we get the following recurrence 
for ^ Z ^ 3 with (m — 2)1 ^ n ^ m — 1 

(25) ^l-^Ut 1] +E^W^=° 

where J n> ; consists of indices earlier than n,l: J n ,i = {{n,l') : I' > l}{J{{n — 1,1') ■ ^ I' ^ 2}. 
In (|25l) we have < < 1 and for some C4 > and all n,n',l,l',j we have \Cj3 ,| < C4. 
Solving for in the order n = 0, 1, to — 1 and for a fixed n in the order I = 2, 1, 0, the first 



inequality in (1131) follows inductively on j . 

1, Rj 

(26) r(r + 2)R { " l) = + T^- 2m+1 Pl (ln r) 



Note 3. Let Pj = r Jm m 1 Gj. Then, Rj satisfies the recurrence 
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where p\ is a quadratic polynomial with coefficients bounded by 

£2 

((0'-l)m-2m + 2)!)s£* 

for some j— independent c%. 

Equation (|2l)l) simply follows by writing Fj(r) — + Rj(r), calculating the finite sum LF^ 
explicitly using (j2"3")l and and estimating the coefficients of p\ using the first inequality in 

Proof of the last inequality in (|13[) . Since j m = (j — l) m + to — 2, we have by (|26[) 

(27) = |^ r(j " 1)m " m " 1(G ^ 1 M+Pl(lnx)) | < ^IrW-^—^rG^xCr) + Pl (lnr))| 

Also, by direct integration we have 



(28) 



/ \t n In 1 t\dt ^c 3 (n + l)- 1 \T n+1 \(\\n l r| + 1); 1 = 0,1,2; n>0 
Jo 



for some C3. The rest follows from (|2"T)) and (j2"5)l by induction on j, noting that (cf. also (|18p) 

f29) 1 < / ((j-l) m -2m+l)! 

ID^O' - 1)- - m - 1 + k) - V (jm - 2to + 1)! 

□ 

Lemma 2. ft) For |o| ^ 3|e| we /iawe i/ie expansion 

m— 1 2 2-n 

(30) i%) = q m - l H 0fi {q) + E eV m_3 - fc #k,o(<z) + E E e n(m_2)+ *3 m ~ 1 ~*ff*,n(«) h n («/e) 

k=l n=l fc=0 

+ £ m i?(g/ £ ,g) 

where iF.j(g) (j ^2) are analytic in q with sub- exponential growth for large q, i?o,2 = if m > 3, 
and \d( k+ VR[u,v)/du k dv l \ < (\hxu\ + l) 3 M~ fc for Reu > 0, |u| < const., and ^ ft + / < m + 1. 
For |g| ^ 3|e| and Re(g/e) ^ -ff(g) is analytic in q, entire in e, and \H(q)\ < |g| m • 

Proof, (i) Recall that q — et, H(q) = F(t), and atf\ = if j < to + k - 1 by Lemma [TJ We thus 
substitute r = q/e in (|12|l and obtain (|29|) by collecting coefficients of powers of e and ln(g/e). 
We define 

5 , \ ^ 



q 2m - s - k H k>0 (q) = E ^V m_k 



r'XM = E «S m -2) +fc ,„^- ( " (m - 2)+fc) (1 < » < 2, < fc^ 2 - n) 

j^m+n— 1 

R(q/e >q )= E 9 Jm - m G i (g/ £ ) 

Convergence of the series is ensured by (fT3| . Here the powers g™ on the left side represent the 
lowest power of q on the right side. Since Fj(t) is analytic in Hi (see lemma [I}, by (|13p and 
Cauchy's formula we have 

3 (( Jm -2m+l)!)^ 
for r £ H. Noting that for a > we have (j!) a > constJT(aj + 1), (fT3|) implies 

V ^ <y H J " <y < e «M v ^>0 



^3 can be replaced by any constant bigger than 2. 
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Thus sub-exponential growth of Hi j follows. In fact it is elementary to show that the last sum is 

bounded by e const - T m .The rest of (i) follows from © using (fTTj) and (fT2"j) to estimate the terms, 
(ii) This follows from Lemma Q](i), especially © and (fTTj) . □ 

Corollary 3. (i) For \q\ 3jej we have the expansion 



(31) ^T^)"^ £ { qTYe +H2, n+ i(q,s)j\n ( q /e)+e -^-^ 

where Hij are entire, H2j(q,s) are entire in e, analytic in q and have sub- exponential growth for 

~ ' - (-2) m_2 - 

large q, H2 i{£,£) = 0(e" l ~ 3 ), Hi i(0) = — -— — r — , Hk 3 = if m > 3, and R is the same as in 

T(m) 

Lemma [H 

(ii) For \q\ ^ 3 1 er I and Re(a/e) ^ we have 

(32) ^+2^ _ q + 2s +£ H2 ^ £) 
where Hi are analytic in q and entire in e. 

Proof. We use (|30|) by noting that for a function / analytic in q and entire in e we have 



/(-2s) /(g) -/(-2g) / x (e) - 
where fa is analytic in q and entire in e. According to (1301) , we take in f|33l) 

m— 1 

fe=l 

and define £( 2 - fe )( m - 2 )ff M = f k (k = 1, 2). For fc, n = 1, 2 we take in j33) 

2-n 

«/(«) = ^V*- 1 "^.^) 

fc=0 

and define e ( 2 - fc +™)( m - 2 ) = / fc (fc, n = 1, 2). Sub-exponential growth of Hij follows immedi- 
ately from the sub-exponential growth of H2j(q). In addition .ffi.i(O) — i?o,o(0) — — 5-Fro-i( — 2) = 
f— 2) m ~ 2 

— - — by Lemma [TJ and the proof of Lemma [U 

T(m) 

Similarly to obtain (|3"2"|) we use (1331) for /(g) = -ff (g) and apply LemmaH] (ii). □ 

3.1. Asymptotic expansion of s(x;e) for small e. For small e, the function s(x;e) (cf. 
has an asymptotic expansion in powers of e and £ m_2 lne. For our purpose we only need a few 
terms of this expansion. 

Lemma 4. (i) Let 8 > be arbitrarily small but fixed. We have for x x+, e G EI and |e| ^ 1/x 

(34) s(x;e) = Jn(a?)e TO_2 hie + h 2 (x)e m - 1 Ins + /i 3 (x)£ 2m - 4 (lne) 2 + E ) 
where the smooth functions hj satisfy 

(— 2) m ~ 2 (— 2) m ~ 1 a; 

(35) ^(x) — — — ,h 2 (x) ~ — — — - — ,h 3 (x) ~ a asi^oo 

1 (m) 1 (m) 

where oq is a constant and for m > 3 one can take h^(x) — 0. Furthermore 



(36) sup 

0^fc<m-l 



„m-2 



_ k d k Q(x;e) 



de k 



< oo; sup 



d k Q(x;e) 



de k 



< oo 



The asymptotic formula l|34[) zs twice differentiable in x, i.e. (I36p ZioZds wt/j Q replaced by xQ' 
and x 2 Q". 
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Proof. We write 



q(q + 2e) 



The first and last terms are estimated easily as follows: the last integral is manifestly analytic in 
e and decays exponentially in x, so (I36[) is obvious. By Corollary [3] the first integral is equal to 



r + 2 

Thus it is analytic in e and satisfies the estimates in (|36l) by direct differentiation in e, noting that 
\e rn - 2 \ < x 2 - m . 

To estimate the middle integral in (|37|) we use (l3"Tj) to write 

nl H{q)e-i x 



3£ q(q + 2e) 



dq = s a (x, e) + S2 (x, e) + S3 (x, e) 



where 



(38) Si(x,e)=y e y >H ltk (e) — dq 



fc=i 
2 



3? 



(39) S 2 {x,e) 



£ e fc(m - 2) f\Hqle)) k H 2 , k+1 (q, e)e-« x dq 



,„ Z 1 R(q/e,q)e-«* j 

(40) S 3 (x,£)=e m - — ——dq 



>3e i(q + 2e) 

The middle integral in (|37|) has an expansion of the form (|34|) as it follows from the lemma below: 

Lemma 5. The terms S±(x,e) andS , 2 (x,£) have expansions of the form (|34[) . and S 3 {x,e) satisfies 
the estimates in (JHSJ)- More precisely we have 

(41) S fc (x; e) = /i M (x)e m - 2 lne + /^(x)^" 1 lne + V3(x)£ 2m ~ 4 (ln£) 2 + R kfi {x; e) 
for k = 1,2, where hk,j satisfy the large x asymptotics 

hl:1 ~ + 0(1)); t , 2 ~ _ (zg^g£±fW) ; ftM + o(1) 

1 (mj 1 (mj 

/ia,i = o(l); /i2 f2 = 0(l); /i 2 , 3 = o(l ) 
where oq is a constant, and R k ,o satisfy the estimates in (|36p . 

Proof. We first show the result for Si using (|3"8")l . Since H\. k are analytic in £, we only need to 
analyze the integrals 

(42) I' l ^l^- qX dg = - r ^)*- q * dq + r ^KZl dT 



J3e 9 + 2£ 7i 9 + 2£ J 3 r + 2 

where ^ I 2. The first integral on the right hand side is a polynomial in ln£ times a function 
analytic in e with exponential decay in x, and the last one is equal to 



(43, / W,<r-'->^).— * + J ( t2(t + 2) - 

To analyze the first term in f|43[) we need the following elementary result 
Lemma 6. Assume I ^ 0, x x + and |ei| ^ f . for b^O « /iGrae 



(44) 



/•DO 1 I 

j 3 e-^r n {\nr) l dr = ^-^J^c^Hn^ex) +R a , n (x,e) 
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where Cq 1 ' 1 ' are constants with c^ 3 ' 1 ^ 



-1, and R a , n satisfies 



(45) 

In addition, for n ^ — 1 we have 



d k R a ,„(x,e) 



de k 



<x k (k > 0) 



(46) 



/ e- ETX T n {\nT) l dT = [ex)- l - n y\c^\a q {ex) +R a , n {x,e 

J 3 q=0 



where c[ 1>0 ' = — 1, c\ A,U) = 1, and R a . n satisfies (|45|) . 
The proof of this Lemma is given in the Appendix. 

Expansion of the first term in (|4"5|) follows directly from LemmalHl The last term in (|4"5|) satisfies 



„(-2;0) 



(47) 



de k 



4 In r 
■ 2 (r + 2)' 







/>00 


£TX dr 


< 


x k J T~ 3+k ln z re -eTX (fT 



< 



x k , 



< A; < 1: 



^ 2 |e| 2 - fc (l + | ln' +1 (ex)|), 2 < fc < m + 1. 
where the second integral in (|47p is estimated using Lemma [6] Thus 



_(i+l)(m-2)+fe 



4W- 



/ 3 r*(r + 2) 

satisfies (|3"6")l for all k ^ and ^ > by direct differentiation. 
Thus combining (|4"2"j) and (|4"3")l using Lemma |5] we see that 



(48) £ ('+ 1 )( m - 2 ) 



) /■ 1 In'( g / £ )e-^ rfg = £(W)(m _ 2)lnig r^!! 



3e 



g + 2e 



In e 



g + 2e 



i+i 



J2 (^2)- 1 - n e ( ^ l+1)(m - 2) ^ n x~ 1 - n ln9 ( £a; ) + #0,0(2:, e) 

n=-2 q=0 



where i?o,o satisfies (|36|) . 

Letting I = 0, 1, 2 in (05]) we have 



(49) 



1 e -gz 



dq = h ail (x)e m 2 lne + h aa {x)e m 1 lne + i? ,i(a;, e) 



/3e 9 + 2e 

where /i a ,i(a;) = — 1 + o(l) and h a -2(x) = — 2x(l + o(l)) for large x, 



(50) e 2m ~ 4 H 2ik (e) 



I3e Q + 2e 
where /if,,i(x) = O(l) for large x, and 



1 ln(g/£)e ~^ - ^ 1;1) e 2m - 4 ln 2 e + Vi(x) £ 2m - 4 ln e + fi , 2 (z )£ ) 



(51) 



^i.i(O) 



r(m) 



satisfies (0 
by Corollary [3j 



1 In 2 {q/e)e-i x 



■■is 



q + 2e 



dq = R 0t3 (x,e) 



where R Q , t (0 s$ i ^ 3) satisfies ([Ml)- Thus flU) follows from ggj), ((50}, and (J5TJ- Note that 

(_ 2 )m-2 



To show igU) for 5 2 we write ln(g/s) = hxq- lne in ([351) • % Corollary |3J 



H 2 , n (q,s)e qx dq 



2; 



is entire in e with its fc-th derivative in e bounded by const. x k 1 . Thus the term containing -ff 2j i 
satisfies (f36|) and the terms containing lnei/ 2 2 and In 2 £^2,3 satisfy (|41j) . 
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The term with \nqH 22 is analyzed using integration by parts: 

(52) e m - 2 / lnqH 2 , 2 (q,e)e-i x dq = E m - 2 H 2 , 2 (q,e)e-i x (qlnq-q) 
J3e 



3e 



_m-2 



(qlnq- q) 



d(H 2 , 2 (q,e)e~i x ) 



dq 



I3e dq 
where the last term satisfies (j3"6")l by direct calculation and counting powers of e. 

The term containing In qH 2 ^(q, e) can be similarly analyzed using integration by parts, which 
gives 



e" m - 4 lne / \ja.qH 2>2 (q, e)e~ qx dq = -e^ 4 lneF 2 , 3 (l, e)e- x + R s (x, e) 

where R s satisfies (|36|) . The term containing (\nq) 2 H 2 ^{q, e) satisfies (|36|) by direct calculation 
and counting powers of e. 

Finally we show that 63 (x, e) satisfies the estimate (|36|) . Denoting d^,j)R(u, v) = d l+J R(u, v) / (du) 1, (dvy , 
we have by Lemma [2] 



(53) 



d k ( f 1 R{q/e 1 q)e' ql 



de k \ J 3£ q(q + 2e) 



dq 



d k f 1/£ i?(r,er)e- £T 



de k 



s E 

i-\-j—k 



t + 2 



"(r + 2) 

+ E 

i-\-j=k—l 



-dr 



-dr 



d m R{l/e,l)e- x 



<(|lne| + l) 4 | e 1 -*| e -+ £ le 1 -'* 



i+j=k 



for < k < m + 1. Thus 



a n 5 3 (a;, £ ) 



s E 



nfe 
-1-3 ° 



R(q/e,q)e-«* 



9e k \ J 3E q{q + 2e) 



dq 



< |(|lne| + l)V 



Finally s' and s" are similarly analyzed, finishing the proof of |4j 



□ 
□ 



3.2. Detailed behavior of Jost functions. Recall that y(x) = e ex (l + s(x)) satisfies ([3]). For 
small e, the leading order of © is 

(54) f"(x) = v lX - m f(x) 

The solutions to (|54|) are modified Bessel functions $1.2 with $i(x) = 1 + o(l) and <& 2 {x) = 
x(l + o(l)) for large x. 

For convenience we take i>i=l, then 

/ 2a ,l-m/2- 



$i(x) = (m-2) 1 /( m - 2 )r 
* 2 (a;) 



m — 1 
m- 2 

(m-2)- 1 /(™-2) 



r 



\^m-2 J 



y/xK 1 



- 2 \ m - 2 
m- 2 



where I n and if n denote the modified Bessel functions of the first and second kind respectively. 
Proposition 7. For arbitrarily small 8 > 0, x ^ X+ and \e\ ^ l/x we have 

(55) y+(x:e) = r(e)( ^(x) + B^x^Hne + f a (x,e) 



where 
(56) 



r(e) := (1 + ai£ m ^ Ine + aoe 2m_4 (lne^ 
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where do i are constants, B\(x) is a linear combination of ^>i 2 {x) with B 2 (x) ~ const, x, f a (x, e) < 
lexl, and 



(57) sup 

l<k<m-l 



- k d k f a {x;e) 



< oo; sup 



s„- m -i dk fa(x;e) 



< oo 



Furthermore, the expansion (|55p is differentiate in x, i.e. (|57p holds with f a (x;s) replaced by 
xf' a (x;e). 

Proof. It follows from Lemma 2] that y = e~ £X (l + s) has the following expansion 

(58) y(x; e) = h a (x) + h x {.x)e + h 2 (x)e m - 2 lne + h 3 (x)e m - 1 lne + h 4 {x)e 2m - i {\ne) 2 + H(x; e) 

where ho ~ 1, /12 ~ ffli, /14 ~ ao for large a;, and H(x;e) satisfies ([57| with |iJ(x;e)| < |e 2 x 2 |. 
Plugging this expansion back into §5$ (recall that the asymptotics is differentiable by Lemma 
[3J we have 

(59) 0= k'W - iftoW) + fftJW - i/iiWl e + ffii'W - ^ftjW) e ra - a ln e + ... 



Standard asymptotic arguments for e — > show that all the coefficients above must be zero, and 
thus hi satisfies (|54|) . implying ho(x) — <&%(x), and h 2 (x) = a%^x(x), h±{x) = a $i(x) since 
ho ~ 1, J12 ~ 01, and /14 ~ ao. 

Thus dividing (|58]l by (|56]) we obtain (f55|) for some i?i . Substituting (|55"T) into ((3]) and examining 
the coefficients of e m_1 lne we see that B\ satisfies (|54|) and is thus a linear combination of <&i,2. 
The large x behavior of B\ follows from (f3"4"|) and (j3"5)l . Differentiability of ([5"5j) follows from the 
last paragraph of Lemma [4] 

□ 

Note 4. (i) By symmetry a similar conclusion holds for the Jost solution decaying as x — > —00. 

(ii) Without loss of generality we can assume r(e) 7^ 0, since otherwise we can modify the 
definition of r(e) by adding e to it. 

3.3. Estimating the Jost functions for large e. In Section|4]we need the behavior of d n s(x; e)/de n 
for e in H. Let T> = (x + , 00) x H. First we prove the following lemma: 

Lemma 8. Assume s(x;e) solves © with \V^{x)\ < X - m - k for x ^ x + and ^ k ^ m + 2, 
and s(x; e) = o(l) for x — > 00. Then for arbitrary fixed x\ G R the function s(x; ■) is analytic in 
H and continuous in HI /or x xi . Moreover, we have 

(60) | S (x; e )| < (|e|(x) + l)- 1 ^)-™ + 2 ; | S '(x; e)| < (|e|(x) + l)" 1 ^)-"* + 1 

uniformly in T>, and for |e| l/(x) we have 



(61) 



<9™s(x; e) 



< [sl-^ix) 1 -" 1 : 



d n s'(x;e) 



de" 



^4 similar conclusion is true for the other Jost solution, i.e. (|60[) and (|6ip ZioWs /or &oi/i s+ and 



Proof. We write (j6|) in integral form: 



(62) s(x) = 



,-2 £ (t'-t), 



e ~^ ^V(t')dt'dt 



e -Mt'-t)v(t')s(t')dt'dt := T 1 (x;V) + L; 



It is straightforward to check that |Ti(x; V)\ < x 2 m , and by integration by parts, 



(63) 

Thus 
(64) 



\Tx(x;V)\ < 



2|e| 



-2e{t'-t) v ,^ dtl \ dt 



\T x (x] V)\ < min(x 2 - m , \e\- l x l ~ m ) 



< 



ex 



< 



\r x x 2 ' m 



DECAY ESTIMATES FOR 1-DIMENSIONAL WAVE EQUATIONS 



11 



uniformly in x x + and eel. We analyze (|6"2"j) in the Banach space B of functions / : T> — > C, 
such that /(cc, •) is analytic in H, continuous in H, with the norm 



(65) 

We see that Ti G B and 
(66) 



s| = sup \s(x, e)\ < oo 

(x,e)e'D 



\L\\ < 



V(t')dt'dt 



^ const.x 



Thus if xq is sufficiently large then (I62[) is contractive in £> and has a unique solution for x J? xq ■ 
Then, the estimate (|60|) is obtained by taking xo sufficiently large and writing 

(67) |s(x, £ )|< |(1 -L)- 1 ^ | 

For the derivatives, the proof is by induction on n. The equation for u = -^s(x,e) is 

(68) u" - 2eu' - V(x)u = 2s' {x) 
We see, by direct differentiation of the rhs of (|62|) that 



(69) 

Thus 

(70) 



s'(x; e) 



-2 S {t'-x)y^ dt , 



- 2e( - t '-^V(l/)s(tf)(Hf 



s'(x, e) + 1 (v(x) f e'^'-^V'(t')dt^ 
\s'{x,e) < |er\T- m 



implying 
(71) 

Also combining (|T0[) with (|6]) we have 

(72) |s"(x,e)| \2es'{x,e) + V(x) + V{x)s(x,e)\ < lep 1 ^ 1 "" 1 
By ([B"5f we have 

(73) =Ti(a;;2s') + iii 
(see Using (J7T]) and ([71]) we obtain 



Ti(z;2 S ')| < n 



(74) 

Thus ([661) and 4Z2l) imply 



s'(t)- f e- 2e ( t '- t h"{t')dAdb 



-2e( t '- K ) s /^/ )dt / 



3- 2E ( t '- x V(t / )'"(t')*' 



£ X 



Taking k e— derivatives of (|B"5f and letting w fc (x,e) = d k s(x,e)/de k we have 

(75) Ufc - 2e< - V(x)u k = 2ku' k _ x 
which gives by induction 

\u k (x,e)\ < Kl-Lr^^^fcu^^l^lEl-^lxl 1 — 

\<(x,e)\ < lel" 1 -*!^-™ 

Finally, for a;i ^ x ^ xo existence and analyticity of the solution follow from standard analytic 
dependence on parameters. Thus (fBT)]) and (|6"Tj) only need to be verified for large e since the x 
dependence is irrelevant. Note that 

(76) s(x) = s(x ) + s'(x ) + f" f e-^'-^V^dt'dt 

+ f X r e- 2f(f '- f V(i')s(i')^:=T2,oW + ios 
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Let = sup a , i ^ r ^ a , o |s(r)e ^ T Xl ^\ with suitably large \x. Under this norm (TTrJl) is contractive 
(with contractivity factor 0(/z -2 )) which gives |s(a;)| < 1/] e:[ . Note that 



(77) 



e -Mt'-t)v(t')d£dt 



< 1/lel 



□ 



Similarly using (|75|) we see that \d n s(x)/de n \ < l/|e™ +1 | by induction. 
Corollary 9. For ±(x — x+) and \e\ 1, the Jost solution y± in ([5]) satisfies 

(78) y± (z) = r±(e)e*°* + ^ ^ ' + ^foe)) 

where r±(e) are of the form (|56p. £/ie modified Bessel functions &i(x) ~ 1 and B^(x) ~ const. x 
for x —¥ ±oo, and f|57|) /ioMs im£/i R^(x;e) replacing f a . Also 

(79) <4(x) = r ± (e)e=F- (V(x) + ^^T^Ef + rf (s; e )) 
where (|57p ZioZds wjft {x)r'p{x) replacing f a . 

Proof. Without loss of generality we show the result for By Proposition [7] we see that (|78|) 
holds for |e| ^ since multiplying by e e3: and 1/(1 + e(x)) does not change the structure (|55|) . 
For 1/x ^ |e| ^ 1, we only need to show (1571) is valid with f a replaced by Rf(x;s). By (foTj) we 
have for 1/x ^ |e| ^ 1 

<9"s + (a;; e) 



(80) 



Now (r + (ff)) _:L (l + s+(a;;e)) satishes the estimates for /„ in (J57J) by (80]) (cf. Note gj. Since 
B + (a;)e m_1 lne 

■ obviously satisfies the estimates in (|57| . we see that i?/ satisfies (JS7J). Differen- 



1 + e(x) 

tiability of (|78|) follows from Lemma Q] and Lemma HI 

4. Proof of Theorem Q] 



□ 



We will show that the leading behavior of the time decay is of the form fo(x)/t m with the 
bounds for the remainder specified in Theorem [T] 

4.1. Jost functions on the real line. Assume V(x) = v\x~ m for x x+ and V(x) — vix~ m for 
x ^ X-. Let y± be the two linearly independent Jost functions (solutions of ((3j) ) with y+ ~ e~ £X 
for x 3> 1 and £ € H, and y_ ~ e e:E for x <C — 1 and e 6 H. We now show the following 

Proposition 10. The Jost function y+ is analytic in e € H /or all x € K. Moreover, for \e\ ^ 1 
satisfies 

rf(x)e m - 1 hxe 



(81) 



l/±(a:) =r±(£)e =Fe:E r±(x) + 



l + e(x) 

where \tq (x)\ < (x) and |r^(a;)| < (x) 2 /or aH x G R, and /or x x ± , rj(x) and r^(x) are 

explicit modified Bessel functions with \vq (x)\ < 1, |ri < (x) (c/. Corollary^!. Furthermore 
(x; 0) = and for arbitrarily small S > we have 



(82) sup 

±(s-a; T )>0 



fc 0*i£(a:;e) 



sup 

±(a;-a; T )^0 



< 1; sup 

±(os— as=f:)>0 



|fc-7n+A'/^\-m^ fc -^0 ( x i £ ) 



de k 



< 1 



<9e fe 



< 1; sup 



de k 



< 1 
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In addition, (18ip is differentiable in x, i.e 
For lei i 1 we /iaue 



Wds im'f/i i?* (x;e) replaced with (x)i?g (x;e). 



(83) y±(x; £ ) = e^l + s±(x; e)) 

where s±(x;e) satisfies (|6ip /or ±(x — Xzp) ^ 0, and 



(84) 

/or ±(x — x T ) ^ 



<9™s±(x;e) 



d n s' ± (x;e) 



< 



^ n ^ m + 1 



Proof. We only analyze y+ since ?/_ is similar. For x^ x + , the behavior of y+ for small e is given 
in Corollary |9] and the behavior for large e is given in Lemma [8] 

First assume |e| 1. In the middle region x_ x ^ x + there exist two linearly independent 
solutions analytic in e (by analytic dependence on parameters of ODE) and the x bounds are 
irrelevant. Clearly y + is a linear combination of these two solutions, and thus the analytic structure 
of j/+ is preserved (cf. Corollary [9]) . For x ^ X- , by (|60[) we can assume x_ is large enough such 
that y~(x) 7^ 0. By standard ODE results y+ satisfies 



(85) 



y + (x- e) = y. (x; e) ( y+ ^ £ \ - W (s) 
\ y-(x-;e) 



y 2 -{t;e) 



dt 



where W^e) = y+y'_ — y'+y- is the Wronskian. 

One can verify by direct calculation that y+ solves ([3]) for x ^ X- and is differentiable at x_ 
By Corollary |9] and the reasoning above we see that for x_ ^ x ^ x+ 



(86) 



y+(x;e) = r(e)e" 



^ . , B 2 (x)s m - 1 \ne - , . 



where $o and B 2 are smooth, and with (|57)) holds with i?/ replacing / a . Also note that (|78|) holds 
for a; ^ s_ . 

Note 5. Assume \e\ ^ 1. Since the Wronskian W is independent of x, by direct calculation using 
(|8"6"|) and (|78l) at x_ /or |e| ^ 1 we /jave 

(87) W(e) = r+(e)r_(e)(«ie m - 1 \ne + q 2 (e)) 

where qi is a constant, and by Corollary [P| we /lave — — ^ — is bounded for ^ fc ^ m — 1, and 

d^ 32(e) 

e —m+ — ___ — j s bounded for m ^ k ^ m + 1 and arbitrarily small 5 > 0. In t/ie absence of 

zero-energy resonance, y+ and y- are linearly independent for smalls, and thus 32(D) = VF(0) ^ 0. 
Assume \e\ ^ 1. By direct calculation using (|83[) at x_ /or |e| ^ 1, denoting 



(88) 



o 3 (e) = W(e)-2e 



d fc 33(e) 

we have — — — is bounded for ^ fc ^ m + 1 . 



By 



de k 
we have 



e-y + (x; £ ) = r(e) ( $1(1) + 3 \ ' . . + x/ 6 (x; £ ) 



1 + e x 



where $i(x) = $ x (a;) 



$+(x_) 



PF(O) 



1 



dt satishes |$i(x)| < (x), B3 is a smooth 

*r (*) / 



$r(x_) 

function with \B$\ < (x) 2 and ([57)) holds with /„ replaced by /& by (j55"j) . which can be checked 
using the fact that for any bounded function / we have 



-2et,k 



t k f(t)dt 



Assume |e| ^ 1. In the middle region x_ ^ x ^ x+ the result (|83p follows from Lemma IS] 
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For x ^ we denote f± = 1 + s± and by (|85p and Lemma [5] we have 
(89) e sx y+(x;e) = f.(x;e)(l + s 3 (x;e)) 

where 



(90) S3 (,; £ ) = -l + ^|e-(--)-( 2£ + , 3 (s) ) y^^* 

- — rra — e ~ 93(£) 1 m^ dt+2£ L m^) dt 

Using (foTj) in Lemma |8] we see that the first term in f[90]) satisfies the estimates in (|84|). By 
integration by parts we obtain 

and 

f e 2 ^>M^)(M^) + 2) ,,_ e 2 ^— ) a _(a;_; £ )( S _( a ;_; g ) + 2) 

(92) 2£ 1 7^ JTix-7) 

_ s _(x;e)(s-(x;e)+2) r 2e(x _ t) f s_(t; e)(s_ (t; g) + 2) V 



a e 2e(x-t) 



Thus using the estimates in Lemma [8] as well as (|90|) we see that ([84| holds with s+ replaced by 
S3. The conclusion then follows, since by ([83]) and (|89|) we have s + (x;e) = s_(x;e) + s^(x;e) — 
S-(x;e)s3(x;e) where s_ satisfies (joTj) . 

□ 

4.2. Analysis of , 0. The solution of the Laplace transformed equation is 
(93) 

i>{x,s) = Q(ipi +eip )] G(ip) := I y-(x) / y+(u)i}){u)du - y+{x) I y-(u)ip{u)du 



W(e) 

Note that W(e) 7^ for e e H by the assumption of no bound state and no zero energy 



resonance. 



Proposition 11. For e € H\{0} we have 

(94) = ^(x) (1 ^ £( ^ +2 + GoiMz)) + Rfa e) 
where 

(95) ||(x)- 2 r3(x)|U <||<x)Vi(a:)l|i 

(96) g W := ^j^y (/" e-^-tyMdt* - /" e'M^Wduj 

(97) IK^-^^^^Hoc^a + ^^IK^^ViWIli (0<fc<m-l) 

am 

\\(x)- m - 2 g~^ R(x,e)\\ O0 <Q E \ s + \e\)- 2 \\{xr+ 2 Mx) 

for arbitrary S > 0. 

Proof. The fact that G(ipx) is analytic in e G H follows easily from Proposition [TOT 
We first consider the case |e| ^ 1. By (j5Tj) we have 

PX PX 

(98) y-{x) j y+(u)iji(u)du - y + (x) y_(u)ipi(u)du = r + (e)r_(e) G jik (x,e) 

Joe fc,i=l,2 
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where 



(99) G jik (x,e) = e ex Gj(x;e) / e- £U G+(u; e)il) l (u)du-e- £X Gl j {x\ e) I e £U G A :(w;e)V'i(w)d' 



Gf(x;e) 



rf(x)s™-Hne ^ _ , , , , . 



and Gf{x;e) = r„(x) + R$(x;e). By Proposition HOI clearly ([82 



1 + e(x) 

holds with G* instead of . We denote for (J, k) — (0, 1) or (1, 0) 

Gj,k(x) = [rT(x) r£(u)ipi(u)du-rf(x) / (u)ipi{u)d 



By direct calculation for ^ k ^ m — 1 
<9 fc 



(100) 



<9e fe 



G 2 ,i(z,£)-£ m - MneGo.iW 



< | e r- i - i -*<x) i +'||<x) 2 + , v l (x)|| x 



i<m — 1 



(101) 



G 2 ,i(a;,e)-e m - 1 ln£G 0i i( : E; 



< 



E 



z<m 



< <a;> 1+ * ]| < iB > 2 + fc ^L (as) ]| x 

r-'-'^ixy+mix^M^W, 

< \er s (x) 1+m \\(x) 2+m Mx)\\i 



and it can be similarly shown that for $J k ^ m 



j^(Gi, 2 (x,e)- S m - 1 ln£G lfi (x) 



<(l + |e| m -' £ - 5 )(x) 2+fc ||(x) 1+fe ^ 1 ( 



x 1 



Also forO^H 



(102) 



s E 



| £ |2 m -2-»(| ln£ | + 1 )2^2 +J 

1 + kKar) 



z) 2 +<V>i(x) 



<<z> 1+fc ||<a;> 1+ Vi(aOII 



(103) 



<9 fc - 

^fe G 2, 2 (x,£) 



i+j+l=k 

Using ([IOO ]) -([T03 j) as well as (gTJ we have 



(104) 



r+(e)r_ (g) Efc j^i, 2 Gj.fcfo, e) 



= r 3 (x)e m - 1 lnE + J R(x,e) 



where r 3 (x) = (G ,i(x) + Gi, o (ai))/W(0) satisfies j95) and (|97]) holds with A replacing i?. (fT04|) 
and (J94]) give 

1 

(1 + e(x)) m + 2 , 

Now by direct calculation (l97l) holds with the right side of (|105[) replacing i?, using 



(105) 



i2(a?,e) - i?(x,e) = r 3 (a;)e m " i lne 1 - 



- <?oW>i) 



(u-x) k e Te( - u -^ipi(u)du 



±00 



<(x) k \\(x) k Mx)\\i 



for the estimates involving Go(ip)- Thus ([94)1 is valid for |e| ^ 1. 

For |e| ^ 1, we analyze the numerator of (|93)l by noting that (recall that f± = 1 + s±) 



(106) f-{u;e) I e - £< - u ~ x) f+(u; e)^i(«)du = / e^^'ViW* 

«/ OO 

+ s_(z;£) / e- £ ("- :E )/+(M;e)V'i(")^+ / e^"" 3 ^^; e)^i(u)dt, 



16 



O. COSTIN, M. HUANG 



and s± satisfies (1841) . The same type of expansion works for the integral from — oo to x. Thus by 

HMD 

2eg (ipi) + (l + e)R 3 (x;e) 



W(e) 



for some R% satisfying estimates of the type (^71) . Note that W(e) satisfies ([55]). Obviously (|9"7|) 
e m ' 1 \ne 

holds with rs(x)y- ttt — replacing R. Thus (l94l is valid for lei ^ 1 as well. □ 

v ; (1 +e(x)) m + 2 ' — ' 11 

Similarly we have 

Proposition 12. For e € H\{0} we ftaue 

S(eV>o) = r 4 (s) ~ (tVl)^ + ^T^W-oW) + ^7^1(^0^)) + Rt{x\ e) 

(107) IK^-V^IU < IK^)VoWlli 

IIV-O^lloc < |W(z)Hl 

0i(VO := (f X e- s ^-^{u)du + J" e s ^i>(u)dv\ 

(108) ||(x)-*- a ^ii4(a:; e )||oo < (1 + \e\)- 2 (\\(x) k+2 M^\\i + ||(x) fc+2 ^ Will) (0 *S k < m) 

ll^)^ 3 ^r^(^ £ )||oc < (H 5 + | £ |)- 2 (||<xr + Vo(z)||i + ll(^) m+3 ^(^)l|i) 

Proof. The proof is essentially the same as that of Proposition QTJ In the case |e| ^ 1, we simply 
use (|98 |) - ()103p with rpi replaced by ei/jo for ^ k ^ m+ 1, which gives the counterpart of ()104|) as 

(109) G{ei> ) = r i {x)e m \ne + R i {x,e) 

where r± satisfies (|107|) and R4 satisfies the same estimates as R4 (see (|108[) ). The rest follows in 
the same way as (fT05|) . Note that we have the obvious inequality I'i/'o^)! ^ H^o^Hi- 
For |e| > 1 we use integration by parts to get 

C-X PX 

(110) ee ex / y + (u)ip (u)du = ee ex e - ( - E+1)u e u (l + s + (u; e))^ {u)du 



DC 



(l + a+ (s;e))^(s) + -i T e eai / e~ eu (^(«) + Vo(«)) d« 

OO 



£+1' TV ' ' £+1 



£ + 1 

Similarly 
(111) 



e ex / e ™ (^(u^)^^) + S+ (li; £ )(l/lJ(u) + ^o(li))) dli 



DC 



y_(ii)^ (w)du = -— —(l+s-(x;e))ip {x) + —^e £X \ e £U (%(u) - ipo(u)) du 



e 



e eu (s'_(u; e)ip {u) + s_(u;e)(if)' {u) - *fj (u))) du 



£ + 1 

Since s± satisfy flSJJl, by [[93]). (fTT0|) and (fTTT|) we have 

2£^q(x) , 2eg (Mx))+GiW (x)) , £F 3 (x; £ ) 

g(eV,o) - ~( e +i)w(s) + "f^T 

for some i?3 satisfying estimates of the type (|108|) . The rest follows from (|88l) . □ 
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5. Time decay of ip 

Proof of Theorem^ We focus on the case sm (*yp) ^ s i nce the proof for cos(t\/~A)ipo is analogous. 
We have using the decomposition (|94l) and that 



(112) ip(x,t) = C- l ${x,e) 



1 

2ttI 



lne 



where the inverse Laplace transform C 1 can be represented using the Bromwich integral formula 
e m_1 lne 

for the terms r 3 (x)- — - — — and R, and we have 

v ' (1 + e{x)) m + 1 

Lemma 13. We have the estimate 

(H3) ir-^oftM*))! S «z)/<t>r + l<z> m+ Vi(z)l|i 

Proof. By direct calculation 



Goty'iC*)) = -C - / e- t+u - x Mu)du - - 



— t—u+x 



ipo(u)du 



' t+x " J x — t 

The estimate (| 1 13[) follows by integration by parts. For instance we have 



(114) / , 

ft+W 



-t~\-u—x 



ipo(u)du 



-t-\-u—x 



(v^TT) m+1 



X .1 



/ \ m+1 

Vii 2 + 1 %f) {u)du 



t+x Jt+x 
— t+u—x 



. m+1 



't+x y (V« 2 + 1) / VJo 

where the first term on the right side can be estimated using the elementary inequality 

1 



< 



(y/(t + X) 2 + 1)™+! 

and the last term can be estimated by noting that 



«*)/<*)) 



m+1 



(115) 



fc+a 



-t-\-u— x 



x V(v^TT) 



m+1 



du 



-t+u—x 



t+ 



x (V^+T) m+1 



-du 



z+i/2 e -i+ti-a; 



(vV+T) m+1 



-du 



x+t £ — t+u—x 



x+t/2 Wu 2 + 1) 



m+1 



-du < e-*/ 2 + 



sup 



< 



J/2«D<t (y/(x + v) 2 + l) m+1 



«*>/<*» 



m+1 



□ 



To estimate the other terms of (|112[) note that by contour deformation and Watson's Lemma 
we have for large t 



(116) _L r e et r 3 (x) , £m llU£ ,, de = - f ^ ^J^. ,- + <)„■ ' ' 



-p^f—— -de + 0(e-*' 2 )r3(x) 
(1 + e(x)) m+1 y ' w 



(l + e(*» m+1 Jo 

= (-l) m+1 (m - l)lr 3 (x)t- m (l + Oit-^ix)) + 0(e-^ 2 )r 3 (x) 



Note that the left side of (|116p is obviously bounded by const. \r 3 (x)\ uniformly for all t ^ and 
r 3 satisfies (|95|) . Finally by integration by parts and (|97| we have for t > 



/ e et R(x;e)de 



ooi ^m 
et 



d m R(x;e) , 
e" ae 



<9e" 



d rn R(x; e) 

Since R(x;e) and — - — satisfies (j^T)) . we have for i ^ 



9e r - 



(117) 



^—^-^(z^lU < (t)-™||<a:) m +^i(a; 
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Furthermore, it follows from the Riemann-Lebesgue lemma that 

(118) limt m £- 1 R(x;£)=0 

t— f oo 

We define f\{x) = (— l) m+1 (m — 1)^3(2;) and 

/ F m—1 ]„ F 

Rx(x,t) = (trc- 1 (g (Mx)) + Rfr e) + r 3 (x) - £{x))m+l - h(x) 

The result for shl( ^ X} ■ l p 1 in Theorem Q] then follows from (fTT2|) using f[TT3]> . (|TT6]> . (fTTTjl . and 
(111 8[) : for cos(tVA)"0o the estimates follow from Proposition [12] in a similar way. □ 

5.1. Genericity of decay rate. 

Remark 6. In view of the definition of r% (below (|104p ) it is clear that r% is nonzero for generic 
initial condition meaning the time decay t~ m is generic. 

6. More general potentials 

n 

6.1. Sums of inverse powers. Assume V{x) = const.x~ ai (1 + a^x~^ k ) for large ±1 where 

fe=i 

af > 2 and f)% > 0. 

Without loss of generality we study large x. Now (JSJ has the form 

n 

(119) F(t) = const.ier)^' 1 ^ + E 6 fc (er)#) 



fc=i 

F(u) 



consi.e"^ 2 / (r - u)^' 1 ^ + V 6 fc (e(r - w))^ + ) 
7o fc=i 



u(u + 2) 



du 



It can be shown that for large r 
(120) 

F(r) 



ccmst( S rrt-\l+J2b k (erfi) U + EE E ^(^'^-^(Inr) 



£ 2 t(t + 2) 

v 7 fe=l \ fc=0 1=1 m=0 

where /?o = and In terms are only present for G N. 
The counterpart of (I34[) is now the expansion 



-aJ-2 ' 



Y,(ck(x)+ec k (x))ert +e a i- 2 \neY / (Ck(x)+eC k (x))e f3 t +.. 



s{x; e) = e 

k=0 k=0 



where terms with higher orders of In are omitted and the In terms are only present for € N. 
This implies the counterpart of the expansion (|78l) 

y+(x; e) = r{e)e- EX (fj 1 (x)e a ^~ 1 + D 2 {x)e a ^~ 1 lne + R(x; e)) 



d k R(x-e) 

where — — are bounded by e 8 ^ 1 for ^ k ^ \ct^~\ and some S > 0, and Di = except for 

Qi€N. 

Arguments similar to those showing Proposition [TT] lead to the same type of expansion for tjj, 
which then implies that 

sm(tVA) a , u _ a 
= — tpx ~ n i t 

cos(tv / 3)V'o ~ r (x)r a_1 
The detailed estimates for the higher order remainder as in Theorem [T] can be obtained in similar 
ways. 
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6.2. Inverse power with higher order correction. Here we discuss the general m analog of 
potentials of the type in [5J. Assume V(x) = Vo(x) + V\{x) and Vo(x) — c v /x m for \x\ ^ x+, V\ 
is piecewise continuous, \Vi (x)\ < (x)~ m ~ k ~ Sl where ^ k ^ m + 2 and <5i > 3. One can show 
that for x ^ x + and |e| ^ 1/x, yi has the expansion 

(121) 



y 1 {x;e) = r(e)[B (x) + B 1 {x)e m - 1 lne + f d (x,E) 



where B k solves f"(x) — V(x)f(x) with B ~ $j =: _B , B\ ~ _B 1 for large cc and fd(x,e) satisfies 

Indeed, by ([55)1 and standard ODE analysis one can find B k (x) with B' k (x) — V(x)B k (x), 
\B k (x) - B k (x)\ < (x)i-™-^(B k (x)) and \B' k {x) - B' k (x)\ < (z) 1 — * (B' k (x)). 
By (|55|) we have 



(122) f+(x;e) = r(e) \§i(x) + B 1 {x)e m - X lne + f c (x, e)J =: r(e) (^(z; e; B) + / c (ar, e) 

where / c satisfies (1571) and 

^'(x,e) - 2e^(x,e) - V (x)f c (x,e) = 2e<j){x\ e; B') 

Similarly we write fi(x;e) = r(e) (d>(x;s;B) + f c (x,e) + gi(x,e)j , which implies gi(x,e) 
e~ £X gi(x,e) satisfies the equation 



g"(x,e) - e 2 gi(x,e) - V Q (x)gi(x,s) 



c (f>i(x,e) + Vi(x)gi(x,e) 



where <f>i(x,e) = 2e</>(x; e; B' — B') + eVi(x)f c (x,e) and f c = f c /s- Equivalently we have the 
integral equation 

(123) gi(x)=Q{e-^<f> 1 (x;e))+g(yx{x)g 1 (x)) 

Using Proposition [10] we see that |0i(x;e)| < leKx) 1- " 1-51 for all x ^ x + and thus (jl23[) is 
contractive under the norm \\(x) m ^ 2+Sl gi(x)\\ ocl , and by taking derivatives of (|123[) we have 



d k gi(x;e) 



de k 



< x 2 - m -^+ k (0< fc< m-1); 



d k g 1 {x;e) 



de k 



< lel" 1 -^^ 2 - 51 (m < k < m + 1) 



e-^ t t k <j) l {t;e)dt 



< 1 



if k — m — 5i < —2. Thus if Si > 3 then the counterpart of Proposition [7] holds. The rest of the 
proof is similar. 

7. Appendix 

For completeness, in this section we provide a short self-contained proof justifying the use of 
the Laplace transform. 

Proposition 14. Assume the initial conditions f(x) = u(x, 0) and g(x) — u t (x,0) are in i 1 (IR) 

and V € L°°(R). Then, if v > v2\\V\\Eo we have sup t>0 e~ vt \\u(t, -)||i < oo, and thus u(t,x) is 
Laplace transform in t. 

Proof. We use the Duhamel principle to write (fTJ) in the form 

f(x-t) + f(x + t) 



(124) u = Au; Au := 



Xt(y - x)g{y)dy 



1 



t pOO 



u{y, s)V(y)xt-s(y - x))dyds 



'0 J~oo 

where y a is the characteristic function of the interval [—a, a]. Consider the Banach space 

sup e-"*||u(t, -)l|i < oo}; {v > v^HVIli) 

tes.+ 



(125) 



B = {u G C(R)|||«|| 
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Applying Fubini to integrate first in x, we see that || f_ Xt(y — x )d(y)dy\\i ^ 2t||g|| 1 and (since 
by definition ||u(-,s)||i ^ ||u||^e I ' s ) 



(126) supe 



u (y, s)V(y)xt-s{y - x)dyds 



J-ao 



< t v\\V\\ 00 \\u\\ v save- vt / 2{t - s)e vs ds <2\\V\\ ooV - z \\u\\ v 

t>0 Jo 

Using (|126|) we see that A : B — > B is contractive. Also, assuming f,g and V are smooth, the 
solution is seen to be smooth too: since u € L , Duhamel's formula shows that it is continuous; 
then, as usual, using continuity we derive differentiability, and inductively, we see that u is smooth. 

□ 

Proof of Lemma\^ This is by straightforward calculation. For n^Owe get 



/*°° / /*°° i r° 



e~ u u n (lnu 



\n.(ex)) l du 



/V Era r"(lnr)'dr = £ c W>(]n( ea; ))« - fe-^T n {\nr) l dr 

Jo \ £x ) q=0 Jo 



where the last term is R a n and (|45[) is immediate, and 



r {n\l) _ 



In particular = — 1 



Now (|46p for n = — 1 follows from integration by parts 



r°° i ft r°° 

(128) / e- STX T- 1 QiiT) l dT = — e- 3sx (\n3) l+1 + / e" £TX (lnr) i+1 dr 

J 3 I + 1 ' + 1 J3 

where the first term satisfies (|45]l. and the last integral in fjl 28[) was evaluated in (|127[) . 
For n < — 1 we have by integration by parts 

f°° 1 

(129) / e- STX T n (In rYdr = e - 3sx 3 n+1 (ln 3)' 

7 3 « + 1 



n + 1 



— ETX_n 



(\nT) l - 1 dr + 



ex 
n + 1 



-€TX n-\-l 



t i1+1 (In rfdr 



and (|46]) follows by induction on Z and n using (|129|) and integration by parts. 



□ 
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